
Dirichlet Process Mixture Models

General Principles

To discover group structures or clusters in data without pre-specifying the number of groups,
we can use a Dirichlet Process Mixture Model (DPMM) Gershman and Blei (2012). This
is a unsupervised clustering method �. Essentially, the model assumes the data is generated
from a collection of different Gaussian distributions, and it simultaneously tries to figure out:

1. How many clusters (K) exist: Unlike algorithms like K-Means, the DPMM infers the
most probable number of clusters directly from the data.

2. The properties of each cluster: For each inferred cluster, it estimates its location
and its spread.

3. The assignment of each data point: It determines the probability of each data point
belonging to each cluster.

Considerations

Caution

• A DPMM is a Bayesian model � that considers uncertainty in all its parameters.
The core idea is to use the Dirichlet Process prior that allows for a potentially
infinite number of clusters. In practice, we use a finite approximation where we cap
the maximum number of clusters at 𝐾 and use the Stick-Breaking Process �.

• The key parameters and their priors are:

– Concentration 𝛼: This single parameter controls the tendency to create new
clusters. A low � favors fewer, larger clusters, while a high � allows for many
smaller clusters. We typically place a Gamma prior on 𝛼 to learn its value from
the data.

• – Cluster Weights w: Generated via the Stick-Breaking process from 𝛼. These
are the probabilities of drawing a data point from any given cluster.
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– Cluster Parameters (𝜇, Σ): Each potential cluster has a mean 𝜇 and a co-
variance matrix Σ. If the data have multiple dimensions, we use a multivariate
normal distribution (see chapter, 14). However, if the data is one-dimensional,
we use a univariate normal distribution.

• The model is often implemented in its marginalized form �. Instead of explicitly
assigning each data point to a cluster, we integrate out this choice. This creates
a smoother probability surface for the inference algorithm to explore, leading to
much more efficient computation.

Example

Below is an example of a DPMM implemented in BI. The goal is to cluster a synthetic dataset
into its underlying groups. The code first generates data with 4 distinct centers and then
applies the DPMM to recover these clusters.

Python

from BI import bi, jnp
from sklearn.datasets import make_blobs
import numpyro

m = bi(rand_seed = False)

# Generate synthetic data
data, true_labels = make_blobs(

n_samples=500, centers=8, cluster_std=0.8,
center_box=(-10,10), random_state=101

)
data_mean = jnp.mean(data, axis=0)
data_std = jnp.std(data, axis=0)*2

# The model
def dpmm(data, K, data_mean, data_std):

N, D = data.shape # Number of features

# 1) stick-breaking weights
alpha = m.dist.gamma(1.0, 10.0,name='alpha')
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with m.dist.plate("beta_plate", K - 1):
beta = m.dist.beta(1, alpha, name = "beta")

w = numpyro.deterministic("w",m.models.dpmm.mix_weights(beta))

# 2) component parameters
with m.dist.plate("components", K):

mu = m.dist.multivariate_normal(loc=data_mean, covariance_matrix=data_std*jnp.eye(D),name='mu')# shape (T, D)
sigma = m.dist.log_normal(0.0, 1.0,shape=(D,),event=1,name='sigma')# shape (T, D)
Lcorr = m.dist.lkj_cholesky(dimension=D, concentration=1.0,name='Lcorr')# shape (T, D, D)

scale_tril = sigma[..., None] * Lcorr # shape (T, D, D)

# 3) Latent cluster assignments for each data point
m.dist.mixture_same_family(

mixing_distribution=m.dist.categorical(probs=w, create_obj=True),
component_distribution=m.dist.multivariate_normal(

loc=mu,
scale_tril=scale_tril,
create_obj=True

),
obs=data

)

m.data_on_model = dict(data=data,K = 10, data_mean=data_mean, data_std=data_std)
m.fit(dpmm) # Optimize model parameters through MCMC sampling
m.plot(X=data,sampler=m.sampler) # Prebuild plot function for GMM

jax.local_device_count 16

0%| | 0/1000 [00:00<?, ?it/s]warmup: 0%| | 1/1000 [00:04<1:07:22, 4.05s/it, 1 steps of size 2.34e+00. acc. prob=0.00]warmup: 1%|� | 14/1000 [00:04<03:39, 4.50it/s, 511 steps of size 1.05e-02. acc. prob=0.64]warmup: 2%|� | 18/1000 [00:04<02:53, 5.66it/s, 23 steps of size 6.41e-03. acc. prob=0.67] warmup: 2%|� | 21/1000 [00:04<02:25, 6.74it/s, 31 steps of size 3.83e-02. acc. prob=0.71]warmup: 2%|� | 24/1000 [00:05<02:22, 6.86it/s, 127 steps of size 4.51e-02. acc. prob=0.72]warmup: 3%|� | 27/1000 [00:05<01:58, 8.21it/s, 255 steps of size 1.52e-02. acc. prob=0.71]warmup: 3%|� | 29/1000 [00:05<02:12, 7.31it/s, 319 steps of size 3.69e-02. acc. prob=0.73]warmup: 3%|� | 31/1000 [00:07<05:51, 2.76it/s, 63 steps of size 8.13e-02. acc. prob=0.74] warmup: 3%|� | 34/1000 [00:08<04:22, 3.68it/s, 511 steps of size 3.38e-02. acc. prob=0.74]warmup: 4%|� | 37/1000 [00:08<03:10, 5.05it/s, 127 steps of size 4.07e-02. acc. prob=0.74]warmup: 4%|� | 39/1000 [00:08<02:39, 6.02it/s, 255 steps of size 3.78e-02. acc. prob=0.74]warmup: 4%|� | 42/1000 [00:08<01:56, 8.19it/s, 127 steps of size 1.69e-02. acc. prob=0.74]warmup: 4%|� | 45/1000 [00:08<01:30, 10.54it/s, 127 steps of size 5.45e-02. acc. prob=0.75]warmup: 5%|� | 48/1000 [00:08<01:23, 11.39it/s, 255 steps of size 5.04e-02. acc. prob=0.75]warmup: 5%|� | 51/1000 [00:09<01:12, 13.12it/s, 255 steps of size 2.28e-02. acc. prob=0.75]warmup: 5%|� | 53/1000 [00:09<01:07, 14.05it/s, 127 steps of size 4.85e-02. acc. prob=0.76]warmup: 6%|� | 56/1000 [00:09<00:56, 16.66it/s, 159 steps of size 2.63e-02. acc. prob=0.75]warmup: 6%|� | 59/1000 [00:09<00:53, 17.47it/s, 127 steps of size 6.24e-02. acc. prob=0.76]warmup: 6%|� | 63/1000 [00:09<00:43, 21.45it/s, 175 steps of size 2.50e-02. acc. prob=0.76]warmup: 7%|� | 66/1000 [00:09<00:53, 17.56it/s, 127 steps of size 5.50e-02. acc. prob=0.76]warmup: 7%|� | 69/1000 [00:10<01:05, 14.19it/s, 511 steps of size 2.89e-02. acc. prob=0.76]warmup: 7%|� | 71/1000 [00:10<01:03, 14.53it/s, 255 steps of size 4.16e-02. acc. prob=0.76]warmup: 8%|� | 75/1000 [00:10<00:51, 18.07it/s, 255 steps of size 2.84e-02. acc. prob=0.76]warmup: 8%|� | 78/1000 [00:10<01:07, 13.67it/s, 511 steps of size 2.24e-02. acc. prob=0.76]warmup: 8%|� | 80/1000 [00:10<01:14, 12.30it/s, 255 steps of size 5.23e-02. acc. prob=0.77]warmup: 8%|� | 83/1000 [00:11<01:01, 14.88it/s, 63 steps of size 1.67e-02. acc. prob=0.76] warmup: 8%|� | 85/1000 [00:11<01:06, 13.79it/s, 383 steps of size 1.94e-02. acc. prob=0.76]warmup: 9%|� | 88/1000 [00:11<00:56, 16.11it/s, 191 steps of size 4.38e-02. acc. prob=0.77]warmup: 9%|� | 94/1000 [00:11<00:36, 25.01it/s, 63 steps of size 3.96e-02. acc. prob=0.77] warmup: 10%|� | 98/1000 [00:11<00:33, 26.77it/s, 127 steps of size 6.04e-02. acc. prob=0.77]warmup: 10%|� | 102/1000 [00:11<00:31, 28.70it/s, 4 steps of size 5.74e-02. acc. prob=0.76] warmup: 11%|� | 107/1000 [00:11<00:28, 30.96it/s, 255 steps of size 4.08e-02. acc. prob=0.76]warmup: 11%|� | 111/1000 [00:11<00:29, 29.97it/s, 63 steps of size 1.39e-01. acc. prob=0.77] warmup: 12%|�� | 115/1000 [00:12<00:38, 22.83it/s, 127 steps of size 4.99e-02. acc. prob=0.77]warmup: 12%|�� | 118/1000 [00:12<00:44, 19.79it/s, 383 steps of size 5.33e-02. acc. prob=0.77]warmup: 12%|�� | 123/1000 [00:12<00:35, 24.93it/s, 63 steps of size 1.31e-01. acc. prob=0.77] warmup: 13%|�� | 126/1000 [00:12<00:39, 21.97it/s, 255 steps of size 4.11e-02. acc. prob=0.77]warmup: 13%|�� | 129/1000 [00:12<00:37, 23.01it/s, 127 steps of size 9.12e-02. acc. prob=0.77]warmup: 13%|�� | 133/1000 [00:13<00:46, 18.49it/s, 639 steps of size 7.34e-02. acc. prob=0.77]warmup: 14%|�� | 137/1000 [00:13<00:53, 16.12it/s, 767 steps of size 4.31e-02. acc. prob=0.77]warmup: 14%|�� | 140/1000 [00:13<00:47, 18.07it/s, 63 steps of size 1.45e-01. acc. prob=0.77] warmup: 14%|�� | 143/1000 [00:14<01:11, 12.03it/s, 895 steps of size 5.41e-02. acc. prob=0.77]warmup: 14%|�� | 145/1000 [00:14<01:06, 12.87it/s, 127 steps of size 1.25e-01. acc. prob=0.78]warmup: 15%|�� | 151/1000 [00:14<00:42, 20.07it/s, 31 steps of size 2.60e-01. acc. prob=0.77] warmup: 15%|�� | 154/1000 [00:14<00:46, 18.21it/s, 511 steps of size 1.03e-02. acc. prob=0.77]warmup: 16%|�� | 157/1000 [00:14<01:01, 13.73it/s, 255 steps of size 2.26e-02. acc. prob=0.77]warmup: 16%|�� | 159/1000 [00:14<00:59, 14.21it/s, 127 steps of size 5.29e-02. acc. prob=0.77]warmup: 16%|�� | 161/1000 [00:15<01:14, 11.29it/s, 1023 steps of size 8.10e-03. acc. prob=0.77]warmup: 16%|�� | 163/1000 [00:15<01:18, 10.69it/s, 255 steps of size 2.92e-02. acc. prob=0.77] warmup: 17%|�� | 166/1000 [00:16<01:38, 8.47it/s, 1023 steps of size 8.27e-03. acc. prob=0.77]warmup: 17%|�� | 168/1000 [00:16<01:41, 8.20it/s, 255 steps of size 2.85e-02. acc. prob=0.77] warmup: 17%|�� | 171/1000 [00:16<01:18, 10.62it/s, 127 steps of size 4.02e-03. acc. prob=0.77]warmup: 17%|�� | 173/1000 [00:17<02:05, 6.57it/s, 511 steps of size 1.40e-02. acc. prob=0.77]warmup: 18%|�� | 175/1000 [00:17<01:48, 7.59it/s, 127 steps of size 4.22e-02. acc. prob=0.77]warmup: 18%|�� | 177/1000 [00:17<02:01, 6.76it/s, 1023 steps of size 8.37e-03. acc. prob=0.77]warmup: 18%|�� | 178/1000 [00:17<02:06, 6.49it/s, 511 steps of size 1.48e-02. acc. prob=0.77] warmup: 18%|�� | 180/1000 [00:17<01:46, 7.71it/s, 255 steps of size 3.24e-02. acc. prob=0.77]warmup: 18%|�� | 182/1000 [00:18<01:28, 9.20it/s, 255 steps of size 2.97e-02. acc. prob=0.77]warmup: 18%|�� | 184/1000 [00:18<01:14, 10.89it/s, 127 steps of size 6.35e-03. acc. prob=0.77]warmup: 19%|�� | 186/1000 [00:18<01:35, 8.51it/s, 511 steps of size 1.88e-02. acc. prob=0.77]warmup: 19%|�� | 188/1000 [00:19<02:11, 6.18it/s, 1023 steps of size 9.99e-03. acc. prob=0.77]warmup: 19%|�� | 189/1000 [00:19<02:08, 6.33it/s, 511 steps of size 1.72e-02. acc. prob=0.77] warmup: 19%|�� | 191/1000 [00:19<01:42, 7.91it/s, 127 steps of size 4.25e-02. acc. prob=0.77]warmup: 19%|�� | 193/1000 [00:19<01:33, 8.67it/s, 511 steps of size 1.64e-02. acc. prob=0.77]warmup: 20%|�� | 195/1000 [00:19<01:17, 10.39it/s, 127 steps of size 4.49e-02. acc. prob=0.77]warmup: 20%|�� | 197/1000 [00:19<01:17, 10.39it/s, 511 steps of size 2.00e-02. acc. prob=0.77]warmup: 20%|�� | 199/1000 [00:19<01:08, 11.76it/s, 127 steps of size 4.57e-02. acc. prob=0.77]warmup: 20%|�� | 201/1000 [00:20<01:09, 11.52it/s, 511 steps of size 1.49e-02. acc. prob=0.77]warmup: 20%|�� | 203/1000 [00:20<01:12, 10.92it/s, 255 steps of size 2.84e-02. acc. prob=0.77]warmup: 20%|�� | 205/1000 [00:20<01:07, 11.79it/s, 255 steps of size 1.32e-02. acc. prob=0.77]warmup: 21%|�� | 207/1000 [00:20<01:07, 11.79it/s, 255 steps of size 3.09e-02. acc. prob=0.77]warmup: 21%|�� | 210/1000 [00:20<00:58, 13.52it/s, 255 steps of size 2.38e-02. acc. prob=0.77]warmup: 21%|�� | 212/1000 [00:20<00:56, 13.93it/s, 127 steps of size 4.57e-02. acc. prob=0.78]warmup: 22%|��� | 215/1000 [00:21<00:48, 16.17it/s, 127 steps of size 7.42e-02. acc. prob=0.78]warmup: 22%|��� | 217/1000 [00:21<00:46, 16.67it/s, 255 steps of size 3.43e-02. acc. prob=0.78]warmup: 22%|��� | 220/1000 [00:21<00:40, 19.19it/s, 127 steps of size 4.72e-02. acc. prob=0.78]warmup: 22%|��� | 222/1000 [00:21<00:41, 18.59it/s, 255 steps of size 2.38e-02. acc. prob=0.78]warmup: 22%|��� | 224/1000 [00:21<00:44, 17.57it/s, 127 steps of size 5.09e-02. acc. prob=0.78]warmup: 23%|��� | 226/1000 [00:21<00:55, 13.88it/s, 511 steps of size 1.67e-02. acc. prob=0.77]warmup: 23%|��� | 228/1000 [00:21<00:53, 14.32it/s, 127 steps of size 3.53e-02. acc. prob=0.78]warmup: 23%|��� | 231/1000 [00:21<00:45, 17.04it/s, 127 steps of size 7.31e-02. acc. prob=0.78]warmup: 23%|��� | 234/1000 [00:22<00:39, 19.64it/s, 127 steps of size 3.99e-02. acc. prob=0.78]warmup: 24%|��� | 237/1000 [00:22<00:39, 19.11it/s, 255 steps of size 4.09e-02. acc. prob=0.78]warmup: 24%|��� | 240/1000 [00:22<00:42, 17.96it/s, 127 steps of size 3.94e-02. acc. prob=0.78]warmup: 24%|��� | 242/1000 [00:22<00:43, 17.31it/s, 127 steps of size 2.46e-02. acc. prob=0.78]warmup: 24%|��� | 244/1000 [00:22<00:43, 17.47it/s, 127 steps of size 5.21e-02. acc. prob=0.78]warmup: 25%|��� | 247/1000 [00:22<00:38, 19.38it/s, 255 steps of size 2.25e-02. acc. prob=0.78]warmup: 25%|��� | 249/1000 [00:22<00:40, 18.45it/s, 127 steps of size 2.26e-02. acc. prob=0.78]warmup: 25%|��� | 251/1000 [00:23<00:43, 17.38it/s, 127 steps of size 1.95e-01. acc. prob=0.78]warmup: 25%|��� | 254/1000 [00:23<00:38, 19.18it/s, 127 steps of size 3.28e-02. acc. prob=0.77]warmup: 26%|��� | 257/1000 [00:23<00:36, 20.32it/s, 127 steps of size 5.18e-02. acc. prob=0.78]warmup: 26%|��� | 260/1000 [00:23<00:38, 19.02it/s, 255 steps of size 3.32e-02. acc. prob=0.78]warmup: 26%|��� | 264/1000 [00:23<00:34, 21.36it/s, 255 steps of size 3.50e-02. acc. prob=0.78]warmup: 27%|��� | 267/1000 [00:23<00:38, 18.99it/s, 255 steps of size 3.18e-02. acc. prob=0.78]warmup: 27%|��� | 271/1000 [00:24<00:40, 18.17it/s, 511 steps of size 1.46e-02. acc. prob=0.78]warmup: 27%|��� | 273/1000 [00:24<00:42, 17.09it/s, 255 steps of size 1.18e-02. acc. prob=0.78]warmup: 28%|��� | 275/1000 [00:24<00:54, 13.23it/s, 255 steps of size 3.53e-02. acc. prob=0.78]warmup: 28%|��� | 277/1000 [00:24<00:51, 14.08it/s, 63 steps of size 8.93e-03. acc. prob=0.78] warmup: 28%|��� | 279/1000 [00:24<01:08, 10.50it/s, 255 steps of size 2.74e-02. acc. prob=0.78]warmup: 28%|��� | 282/1000 [00:25<01:04, 11.15it/s, 511 steps of size 1.43e-02. acc. prob=0.78]warmup: 28%|��� | 284/1000 [00:25<00:58, 12.20it/s, 127 steps of size 4.23e-02. acc. prob=0.78]warmup: 29%|��� | 287/1000 [00:25<00:49, 14.52it/s, 127 steps of size 3.37e-02. acc. prob=0.78]warmup: 29%|��� | 289/1000 [00:25<01:06, 10.72it/s, 1023 steps of size 9.25e-03. acc. prob=0.78]warmup: 29%|��� | 291/1000 [00:25<01:07, 10.50it/s, 255 steps of size 2.63e-02. acc. prob=0.78] warmup: 29%|��� | 293/1000 [00:26<01:10, 10.08it/s, 511 steps of size 1.65e-02. acc. prob=0.78]warmup: 30%|��� | 295/1000 [00:26<01:12, 9.68it/s, 511 steps of size 1.61e-02. acc. prob=0.78]warmup: 30%|��� | 297/1000 [00:26<01:08, 10.24it/s, 255 steps of size 1.35e-02. acc. prob=0.78]warmup: 30%|��� | 299/1000 [00:26<01:06, 10.59it/s, 255 steps of size 6.38e-03. acc. prob=0.78]warmup: 30%|��� | 301/1000 [00:27<01:32, 7.56it/s, 511 steps of size 1.71e-02. acc. prob=0.78]warmup: 30%|��� | 303/1000 [00:27<01:18, 8.86it/s, 127 steps of size 4.18e-02. acc. prob=0.78]warmup: 31%|��� | 306/1000 [00:27<01:00, 11.53it/s, 255 steps of size 1.91e-02. acc. prob=0.78]warmup: 31%|��� | 308/1000 [00:27<00:56, 12.25it/s, 255 steps of size 1.10e-02. acc. prob=0.78]warmup: 31%|��� | 310/1000 [00:27<00:55, 12.41it/s, 255 steps of size 2.72e-02. acc. prob=0.78]warmup: 31%|���� | 313/1000 [00:27<00:44, 15.51it/s, 127 steps of size 4.74e-02. acc. prob=0.78]warmup: 32%|���� | 316/1000 [00:28<00:37, 18.00it/s, 255 steps of size 1.85e-02. acc. prob=0.78]warmup: 32%|���� | 319/1000 [00:28<00:40, 17.02it/s, 127 steps of size 4.06e-02. acc. prob=0.78]warmup: 32%|���� | 323/1000 [00:28<00:33, 20.51it/s, 127 steps of size 5.22e-02. acc. prob=0.78]warmup: 33%|���� | 326/1000 [00:28<00:44, 15.20it/s, 255 steps of size 2.90e-02. acc. prob=0.78]warmup: 33%|���� | 329/1000 [00:28<00:39, 17.19it/s, 127 steps of size 3.73e-02. acc. prob=0.78]warmup: 33%|���� | 332/1000 [00:28<00:36, 18.16it/s, 255 steps of size 3.79e-02. acc. prob=0.78]warmup: 34%|���� | 335/1000 [00:29<00:39, 16.64it/s, 127 steps of size 4.50e-02. acc. prob=0.78]warmup: 34%|���� | 338/1000 [00:29<00:35, 18.67it/s, 127 steps of size 4.42e-02. acc. prob=0.78]warmup: 34%|���� | 341/1000 [00:29<00:40, 16.17it/s, 255 steps of size 2.36e-02. acc. prob=0.78]warmup: 34%|���� | 343/1000 [00:29<00:39, 16.73it/s, 127 steps of size 2.82e-02. acc. prob=0.78]warmup: 35%|���� | 346/1000 [00:29<00:43, 15.08it/s, 511 steps of size 1.29e-02. acc. prob=0.78]warmup: 35%|���� | 348/1000 [00:29<00:44, 14.52it/s, 255 steps of size 2.68e-02. acc. prob=0.78]warmup: 35%|���� | 351/1000 [00:30<00:38, 16.84it/s, 127 steps of size 1.02e-02. acc. prob=0.78]warmup: 35%|���� | 353/1000 [00:30<00:45, 14.24it/s, 255 steps of size 1.44e-02. acc. prob=0.78]warmup: 36%|���� | 355/1000 [00:30<00:46, 13.78it/s, 255 steps of size 2.72e-02. acc. prob=0.78]warmup: 36%|���� | 358/1000 [00:30<00:38, 16.77it/s, 127 steps of size 9.48e-03. acc. prob=0.78]warmup: 36%|���� | 360/1000 [00:30<00:45, 13.94it/s, 255 steps of size 1.77e-02. acc. prob=0.78]warmup: 36%|���� | 362/1000 [00:30<00:42, 14.99it/s, 127 steps of size 2.53e-02. acc. prob=0.78]warmup: 36%|���� | 364/1000 [00:31<00:40, 15.84it/s, 127 steps of size 2.99e-02. acc. prob=0.78]warmup: 37%|���� | 367/1000 [00:31<00:33, 18.80it/s, 127 steps of size 4.33e-02. acc. prob=0.78]warmup: 37%|���� | 371/1000 [00:31<00:27, 22.90it/s, 127 steps of size 2.26e-02. acc. prob=0.78]warmup: 37%|���� | 374/1000 [00:31<00:29, 21.43it/s, 127 steps of size 1.94e-02. acc. prob=0.78]warmup: 38%|���� | 377/1000 [00:31<00:30, 20.75it/s, 127 steps of size 3.40e-02. acc. prob=0.78]warmup: 38%|���� | 380/1000 [00:31<00:30, 20.25it/s, 255 steps of size 3.93e-02. acc. prob=0.78]warmup: 38%|���� | 383/1000 [00:31<00:28, 21.39it/s, 127 steps of size 3.96e-02. acc. prob=0.78]warmup: 39%|���� | 387/1000 [00:31<00:25, 24.18it/s, 127 steps of size 2.82e-02. acc. prob=0.78]warmup: 39%|���� | 390/1000 [00:32<00:24, 24.93it/s, 127 steps of size 2.08e-02. acc. prob=0.78]warmup: 39%|���� | 393/1000 [00:32<00:26, 22.50it/s, 127 steps of size 1.14e-02. acc. prob=0.78]warmup: 40%|���� | 396/1000 [00:32<00:36, 16.73it/s, 511 steps of size 9.11e-03. acc. prob=0.78]warmup: 40%|���� | 398/1000 [00:32<00:42, 14.04it/s, 255 steps of size 1.69e-02. acc. prob=0.78]warmup: 40%|���� | 400/1000 [00:32<00:40, 14.93it/s, 127 steps of size 2.29e-02. acc. prob=0.78]warmup: 40%|���� | 402/1000 [00:32<00:38, 15.73it/s, 127 steps of size 1.30e-02. acc. prob=0.78]warmup: 40%|���� | 404/1000 [00:33<00:38, 15.39it/s, 255 steps of size 2.33e-02. acc. prob=0.78]warmup: 41%|���� | 407/1000 [00:33<00:35, 16.88it/s, 255 steps of size 2.05e-02. acc. prob=0.78]warmup: 41%|���� | 409/1000 [00:33<00:34, 16.93it/s, 127 steps of size 3.26e-02. acc. prob=0.78]warmup: 41%|���� | 412/1000 [00:33<00:29, 19.82it/s, 127 steps of size 2.16e-02. acc. prob=0.78]warmup: 42%|����� | 415/1000 [00:33<00:30, 19.28it/s, 127 steps of size 3.80e-02. acc. prob=0.78]warmup: 42%|����� | 418/1000 [00:33<00:30, 18.96it/s, 255 steps of size 2.01e-02. acc. prob=0.78]warmup: 42%|����� | 420/1000 [00:33<00:31, 18.53it/s, 127 steps of size 3.39e-02. acc. prob=0.78]warmup: 42%|����� | 423/1000 [00:34<00:28, 20.32it/s, 127 steps of size 2.42e-02. acc. prob=0.78]warmup: 43%|����� | 426/1000 [00:34<00:29, 19.47it/s, 127 steps of size 4.11e-02. acc. prob=0.78]warmup: 43%|����� | 429/1000 [00:34<00:29, 19.14it/s, 255 steps of size 2.65e-02. acc. prob=0.78]warmup: 43%|����� | 432/1000 [00:34<00:28, 19.74it/s, 127 steps of size 3.60e-02. acc. prob=0.78]warmup: 43%|����� | 434/1000 [00:34<00:31, 17.93it/s, 127 steps of size 1.75e-02. acc. prob=0.78]warmup: 44%|����� | 436/1000 [00:34<00:35, 15.76it/s, 255 steps of size 3.04e-02. acc. prob=0.78]warmup: 44%|����� | 439/1000 [00:34<00:30, 18.51it/s, 63 steps of size 4.68e-02. acc. prob=0.78] warmup: 44%|����� | 442/1000 [00:35<00:27, 20.29it/s, 127 steps of size 4.60e-02. acc. prob=0.78]warmup: 44%|����� | 445/1000 [00:35<00:28, 19.50it/s, 127 steps of size 2.55e-02. acc. prob=0.78]warmup: 45%|����� | 448/1000 [00:35<00:35, 15.75it/s, 255 steps of size 1.40e-02. acc. prob=0.78]warmup: 45%|����� | 450/1000 [00:35<00:38, 14.23it/s, 255 steps of size 2.18e-02. acc. prob=0.78]warmup: 45%|����� | 453/1000 [00:35<00:32, 16.68it/s, 127 steps of size 4.12e-02. acc. prob=0.78]warmup: 46%|����� | 455/1000 [00:35<00:32, 16.92it/s, 255 steps of size 3.14e-02. acc. prob=0.78]warmup: 46%|����� | 457/1000 [00:36<00:48, 11.25it/s, 1023 steps of size 9.05e-03. acc. prob=0.78]warmup: 46%|����� | 459/1000 [00:36<00:56, 9.54it/s, 255 steps of size 2.69e-02. acc. prob=0.78] warmup: 46%|����� | 463/1000 [00:36<00:38, 13.83it/s, 127 steps of size 4.48e-02. acc. prob=0.78]warmup: 47%|����� | 467/1000 [00:36<00:29, 18.32it/s, 63 steps of size 9.17e-03. acc. prob=0.78] warmup: 47%|����� | 470/1000 [00:37<00:36, 14.72it/s, 127 steps of size 5.06e-02. acc. prob=0.78]warmup: 47%|����� | 473/1000 [00:37<00:39, 13.41it/s, 127 steps of size 5.69e-02. acc. prob=0.78]warmup: 48%|����� | 476/1000 [00:37<00:38, 13.53it/s, 511 steps of size 1.90e-02. acc. prob=0.78]warmup: 48%|����� | 478/1000 [00:37<00:36, 14.28it/s, 127 steps of size 4.75e-02. acc. prob=0.78]warmup: 48%|����� | 480/1000 [00:37<00:40, 12.91it/s, 511 steps of size 1.70e-02. acc. prob=0.78]warmup: 48%|����� | 482/1000 [00:38<00:38, 13.59it/s, 127 steps of size 1.78e-02. acc. prob=0.78]warmup: 48%|����� | 484/1000 [00:38<00:37, 13.84it/s, 127 steps of size 5.01e-02. acc. prob=0.78]warmup: 49%|����� | 487/1000 [00:38<00:30, 16.91it/s, 63 steps of size 3.91e-02. acc. prob=0.78] warmup: 49%|����� | 490/1000 [00:38<00:25, 19.84it/s, 63 steps of size 1.02e-01. acc. prob=0.78]warmup: 49%|����� | 493/1000 [00:38<00:25, 20.20it/s, 127 steps of size 5.08e-02. acc. prob=0.78]warmup: 50%|����� | 499/1000 [00:38<00:17, 28.44it/s, 127 steps of size 4.73e-02. acc. prob=0.78]sample: 50%|����� | 503/1000 [00:38<00:17, 28.09it/s, 127 steps of size 4.00e-02. acc. prob=0.94]sample: 51%|����� | 506/1000 [00:38<00:18, 27.24it/s, 127 steps of size 4.00e-02. acc. prob=0.82]sample: 51%|����� | 509/1000 [00:38<00:18, 27.18it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 51%|����� | 512/1000 [00:39<00:17, 27.54it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 52%|������ | 515/1000 [00:39<00:17, 27.25it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 52%|������ | 518/1000 [00:39<00:17, 27.13it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 52%|������ | 521/1000 [00:39<00:17, 26.99it/s, 127 steps of size 4.00e-02. acc. prob=0.88]sample: 52%|������ | 524/1000 [00:39<00:17, 27.26it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 53%|������ | 527/1000 [00:39<00:17, 27.23it/s, 127 steps of size 4.00e-02. acc. prob=0.81]sample: 53%|������ | 530/1000 [00:39<00:17, 26.90it/s, 127 steps of size 4.00e-02. acc. prob=0.82]sample: 53%|������ | 534/1000 [00:39<00:16, 28.30it/s, 127 steps of size 4.00e-02. acc. prob=0.81]sample: 54%|������ | 537/1000 [00:40<00:16, 28.36it/s, 127 steps of size 4.00e-02. acc. prob=0.82]sample: 54%|������ | 540/1000 [00:42<01:57, 3.92it/s, 511 steps of size 4.00e-02. acc. prob=0.82]sample: 54%|������ | 543/1000 [00:42<01:28, 5.15it/s, 127 steps of size 4.00e-02. acc. prob=0.82]sample: 55%|������ | 546/1000 [00:42<01:08, 6.66it/s, 127 steps of size 4.00e-02. acc. prob=0.83]sample: 55%|������ | 549/1000 [00:42<00:52, 8.53it/s, 127 steps of size 4.00e-02. acc. prob=0.83]sample: 55%|������ | 552/1000 [00:42<00:41, 10.78it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 56%|������ | 555/1000 [00:43<00:33, 13.21it/s, 127 steps of size 4.00e-02. acc. prob=0.83]sample: 56%|������ | 558/1000 [00:43<00:28, 15.69it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 56%|������ | 561/1000 [00:43<00:24, 18.03it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 56%|������ | 564/1000 [00:43<00:21, 20.06it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 57%|������ | 567/1000 [00:43<00:19, 21.88it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 57%|������ | 570/1000 [00:43<00:18, 23.07it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 57%|������ | 573/1000 [00:43<00:17, 24.49it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 58%|������ | 576/1000 [00:43<00:16, 25.69it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 58%|������ | 579/1000 [00:43<00:15, 26.53it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 58%|������ | 582/1000 [00:43<00:15, 26.51it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 59%|������ | 586/1000 [00:44<00:14, 28.26it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 59%|������ | 589/1000 [00:44<00:15, 25.75it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 59%|������ | 592/1000 [00:44<00:15, 25.98it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 60%|������ | 595/1000 [00:44<00:15, 26.06it/s, 127 steps of size 4.00e-02. acc. prob=0.84]sample: 60%|������ | 598/1000 [00:44<00:15, 26.11it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 60%|������ | 601/1000 [00:44<00:15, 26.41it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 60%|������ | 604/1000 [00:44<00:17, 22.51it/s, 383 steps of size 4.00e-02. acc. prob=0.85]sample: 61%|������ | 607/1000 [00:45<00:17, 21.95it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 61%|������ | 610/1000 [00:45<00:16, 23.65it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 61%|������� | 613/1000 [00:45<00:17, 22.75it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 62%|������� | 616/1000 [00:45<00:17, 22.06it/s, 255 steps of size 4.00e-02. acc. prob=0.86]sample: 62%|������� | 619/1000 [00:45<00:16, 23.20it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 62%|������� | 622/1000 [00:45<00:22, 16.93it/s, 383 steps of size 4.00e-02. acc. prob=0.86]sample: 62%|������� | 625/1000 [00:45<00:19, 19.46it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 63%|������� | 628/1000 [00:46<00:18, 20.55it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 63%|������� | 631/1000 [00:46<00:16, 21.84it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 63%|������� | 634/1000 [00:46<00:15, 23.45it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 64%|������� | 637/1000 [00:46<00:16, 22.50it/s, 255 steps of size 4.00e-02. acc. prob=0.86]sample: 64%|������� | 640/1000 [00:46<00:16, 21.41it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 64%|������� | 643/1000 [00:46<00:17, 20.92it/s, 255 steps of size 4.00e-02. acc. prob=0.86]sample: 65%|������� | 646/1000 [00:46<00:15, 22.57it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 65%|������� | 649/1000 [00:46<00:14, 23.88it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 65%|������� | 652/1000 [00:47<00:14, 24.55it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 66%|������� | 655/1000 [00:47<00:13, 25.34it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 66%|������� | 658/1000 [00:47<00:14, 24.16it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 66%|������� | 661/1000 [00:47<00:14, 23.83it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 66%|������� | 664/1000 [00:47<00:14, 23.49it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 67%|������� | 667/1000 [00:47<00:14, 23.67it/s, 127 steps of size 4.00e-02. acc. prob=0.85]sample: 67%|������� | 670/1000 [00:47<00:13, 24.77it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 67%|������� | 673/1000 [00:47<00:12, 25.26it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 68%|������� | 676/1000 [00:48<00:13, 24.91it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 68%|������� | 679/1000 [00:48<00:13, 24.58it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 68%|������� | 682/1000 [00:48<00:12, 25.18it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 68%|������� | 685/1000 [00:48<00:12, 25.43it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 69%|������� | 689/1000 [00:48<00:11, 27.06it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 69%|������� | 692/1000 [00:48<00:11, 27.13it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 70%|������� | 695/1000 [00:48<00:11, 27.11it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 70%|������� | 698/1000 [00:48<00:10, 27.48it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 70%|������� | 701/1000 [00:48<00:10, 27.31it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 70%|������� | 704/1000 [00:49<00:10, 27.57it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 71%|������� | 707/1000 [00:49<00:10, 26.97it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 71%|������� | 710/1000 [00:49<00:10, 26.95it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 71%|�������� | 713/1000 [00:49<00:10, 27.39it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 72%|�������� | 716/1000 [00:49<00:11, 24.98it/s, 255 steps of size 4.00e-02. acc. prob=0.86]sample: 72%|�������� | 719/1000 [00:49<00:11, 23.55it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 72%|�������� | 722/1000 [00:49<00:11, 24.61it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 72%|�������� | 725/1000 [00:50<00:14, 19.39it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 73%|�������� | 728/1000 [00:50<00:14, 18.38it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 73%|�������� | 730/1000 [00:50<00:14, 18.45it/s, 127 steps of size 4.00e-02. acc. prob=0.86]sample: 73%|�������� | 733/1000 [00:50<00:12, 20.73it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 74%|�������� | 736/1000 [00:50<00:16, 16.29it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 74%|�������� | 738/1000 [00:50<00:15, 16.48it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 74%|�������� | 741/1000 [00:50<00:14, 18.33it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 74%|�������� | 743/1000 [00:51<00:17, 14.51it/s, 639 steps of size 4.00e-02. acc. prob=0.87]sample: 74%|�������� | 745/1000 [00:51<00:19, 13.34it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 75%|�������� | 748/1000 [00:51<00:17, 14.00it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 75%|�������� | 750/1000 [00:51<00:23, 10.70it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 75%|�������� | 752/1000 [00:52<00:28, 8.79it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 75%|�������� | 754/1000 [00:52<00:32, 7.52it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 76%|�������� | 756/1000 [00:52<00:27, 8.77it/s, 255 steps of size 4.00e-02. acc. prob=0.87] sample: 76%|�������� | 758/1000 [00:52<00:27, 8.79it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 76%|�������� | 761/1000 [00:53<00:21, 10.95it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 76%|�������� | 763/1000 [00:53<00:19, 12.03it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 76%|�������� | 765/1000 [00:53<00:28, 8.28it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 77%|�������� | 767/1000 [00:53<00:23, 9.81it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 77%|�������� | 769/1000 [00:54<00:32, 7.00it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 77%|�������� | 771/1000 [00:54<00:36, 6.31it/s, 383 steps of size 4.00e-02. acc. prob=0.87] sample: 77%|�������� | 772/1000 [00:54<00:34, 6.65it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 77%|�������� | 773/1000 [00:54<00:32, 7.03it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 77%|�������� | 774/1000 [00:54<00:30, 7.49it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 78%|�������� | 776/1000 [00:55<00:22, 9.74it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 78%|�������� | 778/1000 [00:55<00:18, 11.81it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 78%|�������� | 780/1000 [00:55<00:32, 6.77it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 78%|�������� | 782/1000 [00:55<00:27, 7.93it/s, 127 steps of size 4.00e-02. acc. prob=0.87] sample: 78%|�������� | 784/1000 [00:56<00:28, 7.59it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 79%|�������� | 786/1000 [00:56<00:22, 9.33it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 79%|�������� | 788/1000 [00:56<00:27, 7.62it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 79%|�������� | 790/1000 [00:56<00:26, 8.07it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 79%|�������� | 792/1000 [00:57<00:28, 7.27it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 79%|�������� | 793/1000 [00:57<00:33, 6.19it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 79%|�������� | 794/1000 [00:57<00:37, 5.48it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 795/1000 [00:58<00:41, 4.89it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 796/1000 [00:58<00:43, 4.74it/s, 895 steps of size 4.00e-02. acc. prob=0.87] sample: 80%|�������� | 797/1000 [00:58<00:46, 4.39it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 798/1000 [00:58<00:48, 4.19it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 800/1000 [00:59<00:41, 4.81it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 801/1000 [00:59<00:37, 5.26it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 80%|�������� | 802/1000 [00:59<00:38, 5.14it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 80%|�������� | 804/1000 [00:59<00:27, 7.09it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 81%|�������� | 806/1000 [00:59<00:21, 8.85it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 81%|�������� | 808/1000 [00:59<00:20, 9.15it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 81%|�������� | 810/1000 [01:00<00:21, 8.73it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 81%|�������� | 812/1000 [01:00<00:19, 9.49it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 81%|��������� | 814/1000 [01:00<00:19, 9.54it/s, 639 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 815/1000 [01:00<00:24, 7.44it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 817/1000 [01:00<00:19, 9.42it/s, 255 steps of size 4.00e-02. acc. prob=0.87] sample: 82%|��������� | 819/1000 [01:01<00:29, 6.09it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 821/1000 [01:01<00:28, 6.19it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 822/1000 [01:02<00:32, 5.43it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 823/1000 [01:02<00:35, 4.92it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 82%|��������� | 824/1000 [01:02<00:37, 4.75it/s, 895 steps of size 4.00e-02. acc. prob=0.87] sample: 82%|��������� | 825/1000 [01:02<00:36, 4.77it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 826/1000 [01:03<00:39, 4.45it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 827/1000 [01:03<00:36, 4.69it/s, 639 steps of size 4.00e-02. acc. prob=0.87] sample: 83%|��������� | 828/1000 [01:03<00:33, 5.18it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 829/1000 [01:03<00:36, 4.74it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 830/1000 [01:03<00:32, 5.27it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 83%|��������� | 831/1000 [01:03<00:27, 6.07it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 833/1000 [01:04<00:30, 5.55it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 83%|��������� | 834/1000 [01:04<00:34, 4.83it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 835/1000 [01:04<00:30, 5.33it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 84%|��������� | 836/1000 [01:04<00:31, 5.19it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 837/1000 [01:05<00:34, 4.71it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 838/1000 [01:05<00:36, 4.39it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 839/1000 [01:05<00:38, 4.16it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 840/1000 [01:06<00:39, 4.04it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 842/1000 [01:06<00:32, 4.82it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 843/1000 [01:06<00:36, 4.36it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 844/1000 [01:06<00:38, 4.06it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 84%|��������� | 845/1000 [01:07<00:34, 4.44it/s, 639 steps of size 4.00e-02. acc. prob=0.87] sample: 85%|��������� | 846/1000 [01:07<00:36, 4.23it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 85%|��������� | 847/1000 [01:07<00:37, 4.12it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 85%|��������� | 848/1000 [01:07<00:37, 4.00it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 85%|��������� | 849/1000 [01:08<00:33, 4.57it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 85%|��������� | 850/1000 [01:08<00:35, 4.18it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 85%|��������� | 851/1000 [01:08<00:31, 4.77it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 85%|��������� | 852/1000 [01:08<00:29, 4.94it/s, 639 steps of size 4.00e-02. acc. prob=0.87]sample: 85%|��������� | 853/1000 [01:08<00:32, 4.55it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 855/1000 [01:09<00:22, 6.33it/s, 383 steps of size 4.00e-02. acc. prob=0.87] sample: 86%|��������� | 857/1000 [01:09<00:23, 6.16it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 858/1000 [01:09<00:26, 5.38it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 859/1000 [01:09<00:29, 4.81it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 860/1000 [01:10<00:26, 5.20it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 86%|��������� | 861/1000 [01:10<00:24, 5.66it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 863/1000 [01:10<00:17, 7.70it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 86%|��������� | 865/1000 [01:10<00:13, 10.04it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 87%|��������� | 867/1000 [01:10<00:17, 7.74it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 87%|��������� | 870/1000 [01:11<00:12, 10.24it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 87%|��������� | 873/1000 [01:11<00:11, 11.50it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 88%|��������� | 875/1000 [01:11<00:12, 9.72it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 88%|��������� | 878/1000 [01:11<00:09, 12.62it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 88%|��������� | 880/1000 [01:11<00:10, 11.10it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 88%|��������� | 882/1000 [01:11<00:09, 12.53it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 88%|��������� | 885/1000 [01:12<00:07, 15.38it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 89%|��������� | 887/1000 [01:12<00:07, 14.87it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 89%|��������� | 890/1000 [01:12<00:06, 17.87it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 89%|��������� | 893/1000 [01:12<00:05, 17.84it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 895/1000 [01:13<00:11, 9.11it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 897/1000 [01:13<00:15, 6.68it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 899/1000 [01:14<00:18, 5.53it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 900/1000 [01:14<00:19, 5.15it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 902/1000 [01:16<00:51, 1.89it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 904/1000 [01:17<00:39, 2.41it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 90%|��������� | 905/1000 [01:17<00:35, 2.70it/s, 639 steps of size 4.00e-02. acc. prob=0.87] sample: 91%|��������� | 906/1000 [01:17<00:31, 2.97it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 91%|��������� | 907/1000 [01:17<00:29, 3.12it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 91%|��������� | 909/1000 [01:18<00:20, 4.37it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 91%|��������� | 910/1000 [01:18<00:18, 4.82it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 91%|��������� | 911/1000 [01:18<00:19, 4.47it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 91%|��������� | 912/1000 [01:18<00:20, 4.25it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 91%|����������| 914/1000 [01:18<00:16, 5.12it/s, 895 steps of size 4.00e-02. acc. prob=0.87] sample: 92%|����������| 915/1000 [01:19<00:15, 5.41it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 916/1000 [01:19<00:16, 5.22it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 917/1000 [01:19<00:18, 4.61it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 918/1000 [01:19<00:19, 4.26it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 919/1000 [01:20<00:19, 4.08it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 920/1000 [01:20<00:17, 4.64it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 92%|����������| 921/1000 [01:20<00:15, 5.18it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 922/1000 [01:20<00:17, 4.54it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 923/1000 [01:21<00:19, 4.04it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 924/1000 [01:21<00:19, 3.93it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 92%|����������| 925/1000 [01:21<00:16, 4.55it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 93%|����������| 926/1000 [01:21<00:15, 4.85it/s, 639 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 927/1000 [01:21<00:13, 5.41it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 929/1000 [01:21<00:09, 7.57it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 930/1000 [01:22<00:09, 7.59it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 931/1000 [01:22<00:09, 7.43it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 932/1000 [01:22<00:08, 7.97it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 933/1000 [01:22<00:08, 7.79it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 93%|����������| 934/1000 [01:22<00:08, 7.57it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 94%|����������| 936/1000 [01:22<00:06, 10.45it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 94%|����������| 938/1000 [01:22<00:05, 11.39it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 94%|����������| 940/1000 [01:22<00:04, 13.11it/s, 127 steps of size 4.00e-02. acc. prob=0.87]sample: 94%|����������| 942/1000 [01:23<00:04, 12.08it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 94%|����������| 944/1000 [01:23<00:05, 10.51it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 95%|����������| 946/1000 [01:23<00:04, 11.63it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 95%|����������| 948/1000 [01:23<00:06, 7.66it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 95%|����������| 950/1000 [01:24<00:08, 5.80it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 95%|����������| 951/1000 [01:24<00:08, 5.98it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 95%|����������| 952/1000 [01:24<00:07, 6.10it/s, 511 steps of size 4.00e-02. acc. prob=0.87]sample: 95%|����������| 953/1000 [01:25<00:09, 5.08it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 955/1000 [01:25<00:08, 5.28it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 956/1000 [01:25<00:09, 4.62it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 958/1000 [01:26<00:08, 5.06it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 960/1000 [01:26<00:07, 5.19it/s, 895 steps of size 4.00e-02. acc. prob=0.87] sample: 96%|����������| 961/1000 [01:26<00:08, 4.63it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 962/1000 [01:26<00:07, 4.95it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 96%|����������| 963/1000 [01:27<00:06, 5.52it/s, 383 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 964/1000 [01:27<00:07, 4.82it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 96%|����������| 965/1000 [01:27<00:07, 4.48it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 966/1000 [01:27<00:08, 4.14it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 967/1000 [01:28<00:08, 3.77it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 968/1000 [01:28<00:10, 3.16it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 969/1000 [01:29<00:10, 3.06it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 970/1000 [01:29<00:09, 3.04it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 971/1000 [01:29<00:08, 3.55it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 97%|����������| 972/1000 [01:29<00:08, 3.26it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 97%|����������| 973/1000 [01:30<00:07, 3.68it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 97%|����������| 974/1000 [01:30<00:07, 3.32it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 975/1000 [01:30<00:06, 4.06it/s, 255 steps of size 4.00e-02. acc. prob=0.87] sample: 98%|����������| 976/1000 [01:30<00:06, 3.63it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 977/1000 [01:31<00:06, 3.40it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 979/1000 [01:31<00:05, 4.00it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 980/1000 [01:31<00:05, 3.78it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 981/1000 [01:32<00:05, 3.59it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 983/1000 [01:32<00:03, 4.33it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 984/1000 [01:32<00:03, 4.03it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 98%|����������| 985/1000 [01:33<00:03, 3.78it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 99%|����������| 987/1000 [01:33<00:03, 4.30it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 99%|����������| 989/1000 [01:33<00:01, 5.54it/s, 511 steps of size 4.00e-02. acc. prob=0.87] sample: 99%|����������| 990/1000 [01:33<00:01, 5.37it/s, 767 steps of size 4.00e-02. acc. prob=0.87]sample: 99%|����������| 991/1000 [01:34<00:01, 4.76it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 99%|����������| 993/1000 [01:34<00:01, 5.73it/s, 639 steps of size 4.00e-02. acc. prob=0.87] sample: 100%|����������| 995/1000 [01:34<00:00, 5.55it/s, 1023 steps of size 4.00e-02. acc. prob=0.87]sample: 100%|����������| 997/1000 [01:35<00:00, 7.24it/s, 127 steps of size 4.00e-02. acc. prob=0.87] sample: 100%|����������| 999/1000 [01:35<00:00, 8.41it/s, 255 steps of size 4.00e-02. acc. prob=0.87]sample: 100%|����������| 1000/1000 [01:35<00:00, 10.49it/s, 511 steps of size 4.00e-02. acc. prob=0.87]

Model found 8 clusters.
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Julia

using BayesianInference
using PythonCall
numpyro = pyimport("numpyro")

m = importBI(rand_seed = false)

# 1. Generate Data
sk_datasets = pyimport("sklearn.datasets")
output = sk_datasets.make_blobs(n_samples=500, centers=8, cluster_std=0.8, center_box=(-10, 10), random_state=101)
data = output[0]
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data_mean = jnp.mean(data, axis=0)
data_std = jnp.std(data, axis=0) * 2
m.data_on_model = pydict(data=data, K=10, data_mean = data_mean, data_std = data_std)

@BI function dpmm(data, K, data_mean , data_std)
N, D = data.shape

alpha = m.dist.gamma(1.0, 10.0, name="alpha")

beta = pywith(m.dist.plate("beta_plate", K - 1)) do _
m.dist.beta(1, alpha, name = "beta")

end

w = numpyro.deterministic("w", m.models.dpmm.mix_weights(beta))

mu, scale_tril = pywith(m.dist.plate("components", K)) do _
mu_val = m.dist.multivariate_normal(

loc=data_mean,
covariance_matrix=data_std * jnp.eye(D),
name="mu"

)

sigma = m.dist.log_normal(0.0, 1.0, shape=(D,), event=1, name="sigma")
Lcorr = m.dist.lkj_cholesky(dimension=D, concentration=1.0, name="Lcorr")
scale_tril_inner = jnp.expand_dims(sigma, -1) * Lcorr
(mu_val, scale_tril_inner)

end

m.dist.mixture_same_family(
mixing_distribution=m.dist.categorical(probs=w, create_obj=true),
component_distribution=m.dist.multivariate_normal(

loc=mu,
scale_tril=scale_tril,
create_obj=true

),
obs=data

)
end

# 4. Run
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m.fit(dpmm)

@pyplot m.models.dpmm.plot_dpmm(m.data_on_model["data"], m.sampler)

Mathematical Details

The process involves two keys submodels. The first, aims to identify the location and scale
of 𝐾 potential clusters. The second, aims to identify which cluster is most likely to have
generated a given data point.

⎛⎜
⎝

𝑌𝑖,1
⋮

𝑌𝑖,𝐷

⎞⎟
⎠

∼ MVN⎛⎜⎜
⎝

⎛⎜⎜
⎝

𝜇𝑧𝑖,1
⋮

𝜇𝑧𝑖,𝐷

⎞⎟⎟
⎠

, Σ𝑧𝑖
⎞⎟⎟
⎠

⎛⎜
⎝

𝜇𝑘,1
⋮

𝜇𝑘,𝐷

⎞⎟
⎠

∼ MVN⎛⎜
⎝

⎛⎜
⎝

𝐴1
⋮

𝐴𝐷

⎞⎟
⎠

, 𝐵⎞⎟
⎠

Σ𝑘 = Diag(𝜎𝑘)Ω𝑘Diag(𝜎𝑘)

𝜎[𝑘,𝑑] ∼ HalfCauchy(1)

Ω𝑘 ∼ LKJ(2)

𝑧𝑖 ∼ Categorical(𝜋)

𝜋𝑖(𝛽1∶𝐾) = 𝛽𝑖 ∏
𝑗<𝐾

(1 − 𝛽𝑗)

𝛽𝑘 ∼ Beta(1, 𝛼)

𝛼 ∼ Gamma(1, 10)

Where :

• ⎛⎜
⎝

𝑌[𝑖,1]
⋮

𝑌[𝑖,𝐷]

⎞⎟
⎠

is the 𝑖-th observation of a D-dimensional data array.
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• ⎛⎜
⎝

𝜇[𝑘,1]
⋮

𝜇[𝑘,𝐷]

⎞⎟
⎠

is the 𝑘-th parameter vector of dimension D.

• ⎛⎜
⎝

𝐴1
⋮

𝐴𝐷

⎞⎟
⎠

is a prior for the mean vector as derived from mean of the raw data.

• 𝐵 is the prior covariance of the cluster means, and is setup as a diagonal matrix with
0.1 along the diagonal.

• Σ𝑘 is the DxD covariance matrix of the 𝑘-th cluster (it is composed from 𝜎𝑘 and Ω𝑘).

• Diag(𝜎𝑘) is a diagonal matrix whose diagonal entries are the standard deviations:

Diag(𝜎𝑘) =
⎛⎜⎜⎜⎜
⎝

𝜎[𝑘,1] 0 ⋯ 0
0 𝜎[𝑘,2] ⋮
⋮ ⋱ 0
0 ⋯ 0 𝜎[𝑘,𝐷]

⎞⎟⎟⎟⎟
⎠

.

• 𝜎𝑘 is a 𝐷-vector of standard deviations for the 𝑘-th cluster where each element, 𝑑, has a
half-cauchy prior.

• Ω𝑘 is a correlation matrix for the 𝑘-th cluster.

• 𝑧𝑖 is a latent variable that maps observation 𝑖 to cluster 𝑘.

• 𝜋 is a vector of 𝐾 cluster weights, some of which may be close to zero if the predicted
number of clusters is less than the maximum number of clusters.

• 𝛽𝑘: The set of 𝐾 Beta-distributed random variables used in the stick-breaking process
to construct the mixture weights.

• 𝛼: The concentration parameter, controlling the effective number of clusters.

Notes

Note

• The primary advantage of the DPMM is the automatic inference of the number
of clusters. The posterior distribution of the weights w reveals which components
are “active”, giving a probabilistic estimate of K.

• Prior 𝛼 strongly influence the predicted number of clusters. Below are examples of
this relationship:
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Table 1: Impact of Gamma Prior Hyperparameters on Cluster Counts

Shape Rate Behavior
1 15 Forces very

few clusters
5 1 Encourages

many small
clusters

10 2 Same mean,
less variance

2 0.5 Moderately
many

clusters
15 1 Explosive

prior cluster
count

Reference(s)

https://en.wikipedia.org/wiki/Dirichlet_process https://pyro.ai/examples/dirichlet_process_mixture.html

Gershman, Samuel J, and David M Blei. 2012. “A Tutorial on Bayesian Nonparametric
Models.” Journal of Mathematical Psychology 56 (1): 1–12.
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