Survival Analysis

General Principles

Survival analysis studies the time until an event of interest (e.g., death, recovery, information
acquisition) occurs. When analyzing binary survival outcomes (e.g., alive or dead), we can
use models such as Cox proportional hazards to evaluate the effect of predictors on survival
probabilities.

Key concepts include:

Hazard Function: The instantaneous risk of the event occurring at a given time.
Survival Function: The probability of surviving until a given time.

Covariates: Variables (e.g., age, treatment) that may affect survival probabilities.
Baseline Hazard: The hazard when all covariates are zero, which forms the reference
for comparing different conditions.
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Considerations

1 Note

e In survival analysis:

— The baseline hazard can follow distributions like Exponential, Weibull, or
Gompertz, depending on the data.

— Censoring (when the event is not observed for some subjects) must be ac-
counted for in the likelihood function. Proper handling is essential for unbi-
ased results.

e Bayesian survival models allow flexible handling of time-dependent covariates, ran-
dom effects, and incorporate uncertainty more naturally than Frequentist methods.




Example

Here’s an example of a Bayesian survival analysis using the BayesForge (BF) package. The
data come from a clinical trial of mastectomy for breast cancer. The goal is to estimate the
effect of the metastasized covariate, coded as 0 (no metastasis) and 1 (metastasis), on the
survival outcome event for each patient. Time is continuous and censoring is indicated by the
event variable.

Python

Data and discrete-time setup (shared by both approaches below).
from BayesForge import bf

import numpy as np

import jax.numpy as jnp

m = bf(platform='cpu')

# -—- Data ———"7""=——7"7""""""""""""""""""———
# Mastectomy trial. Columns: “time = follow-up length, “event = 1 if
# death was observed, 0 if the patient was censored (left the study

# event-free), “metastasized™ = "yes"/"no".

data_path = m.load.mastectomy(only_path=True)
m.data(data_path, sep=',"')
m.df .metastasized = (m.df.metastasized.values == "yes").astype(np.int64)

--— Piecewise-constant hazard setup -----—-——--—"""-""""""""""""""""—
Cut follow-up time into fixed intervals of length 3. For every
(subject, interval) this builds two matrices:

death[i, k] -> 1 if subject i had the event in interval k

exposure[i, k] -> time subject i spent at risk in interval k
Censoring is encoded here: after a subject leaves (event OR censoring)
its exposure is O in every later interval, so it stops contributing
to the likelihood without being counted as a death.
.models.survival.import_time_even(m.df.time.values, m.df.event.values,

interval_length=3)

B # # # # # # H #*

+*

Register “metastasized” as a patient-level (time-invariant) covariate.
m.models.survival.import_covF(m.df .metastasized.values, ["metastasized"])

*

--— Censoring plot -————-—-———-—————"——————————————————————————————
# One horizontal line per subject = observed follow-up. Red = censored



# (event never seen), grey = event observed, black dot = metastasized.
# Reading it: metastasized patients tend to have shorter lines ending
# in an event -> a first visual clue of a positive hazard effect.
m.models.survival.plot_censoring(cov="metastasized")

/home/sosa/work/3.12venv/1ib/python3.13/site-packages/tqdm/auto.py:21: TqdmWarning: IProgres.
from .autonotebook import tqdm as notebook_tqdm
An NVIDIA GPU may be present on this machine, but a CUDA-enabled jaxlib is not installed. Fa

bf v 0.0.58 package loaded

jax.local_device_count 32

Survival concern 44 individuals in 76 intervals.
26.0 individuals experienced the event.

Covariates imported: ['metastasized']

Surv object now has 1 covariates: ['metastasized']
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Explicit model

The full model written out, to show every prior and the likelihood.

def model(death, cov, exposure, censoring=None):
# --- Priors -----------—1—7=—"—7"--——"""-"-"""-"""""""""""""""""""""——

Baseline hazard: ONE positive rate per time interval. A
Gamma (0.01, 0.01) prior is almost flat on (0O, inf), so the shape
of the hazard over time is driven by the data, not by a
parametric family (Weibull, Gompertz, ...). This is what makes
the model semi-parametric.
lambda0 = m.dist.gamma (

0.01, 0.01, shape=(exposure.shapel[l],),

name="Baseline rate")

H O H H H R



# Covariate effect on the LOG hazard. Normal(O, 10) is weakly
# informative: centred on 0 (no effect) but wide enough to let the
# data move it. exp(beta) is the hazard ratio for metastasized.
beta = m.dist.normal(

0, 10, shape=(1,),

name="Hazard_rate_metastasized")

--- Likelihood --——==--------"----—————
Proportional hazards: lambdal[i,k] = lambdaO[k] * exp(beta * x_i).
Expected event count mu = lambda * exposure; the 0/1 event
indicator is modelled as Poisson (equivalent to the piecewise
exponential survival likelihood).

lambda_ = jnp.exp(beta * cov.squeeze())[:, None] * lambdaO[None, :]
mu = exposure * lambda_

m.dist.poisson(mu + jnp.finfo(mu.dtype).tiny, obs=death)

H OH HF H

# 4 chains and target_accept_prob=0.99: the many near-empty late

# baseline intervals make the geometry awkward, so a higher acceptance

# target keeps the step size small enough to mix well.

m.fit(model, num_samples=2000, num_warmup=2000, num_chains=4,
target_accept_prob=0.99, progress_bar=False)

print (m.summary())

# Posterior cumulative hazard and survival curves, by covariate group.
m.models.survival.plot_surv(beta="Hazard_rate_metastasized")

mean sd eti89_1b eti89_ub ess_bulk \

Baseline_rate[0] 0.00 0.00 0.0 0.00 4.02
Baseline_rate[1] 0.00 0.00 0.0 0.01 4.02
Baseline_rate[2] 0.01 0.00 0.0 0.01 4.02
Baseline_rate[3] 0.01 0.01 0.0 0.02 4.02
Baseline_rate[4] 0.01 0.00 0.0 0.01 4.02
Baseline_rate[72] 0.00 0.00 0.0 0.00 4.02
Baseline_rate[73] 0.00 0.00 0.0 0.00 4.02
Baseline_rate[74] 0.00 0.00 0.0 0.00 4.02
Baseline_rate[75] 0.00 0.00 0.0 0.00 4.02
Hazard_rate_metastasized[0] 0.59 0.29 0.2 0.97 4.02
ess_tail r_hat mcse_mean mcse_sd
Baseline_rate[0] 4.02 5.341631e+15 0.00 0.00
Baseline_rate[1] 4.02 5.341631e+15 0.00 0.00



Baseline rate[2] 4.02 5.341631e+15 0.00 0.00

Baseline_rate[3] 4.02 5.341631e+15 0.00 0.00
Baseline rate[4] 4.02 5.341631e+15 0.00 0.00
Baseline_rate[72] 4.02 b5.877474e+15 0.00 0.00
Baseline_rate[73] 4.02 5.877474e+15 0.00 0.00
Baseline_rate[74] 4.02 5.877474e+15 0.00 0.00
Baseline rate[75] 4.02 5.341631e+15 0.00 0.00
Hazard_rate_metastasized[0] 4.02 5.341631e+15 0.14 0.06

[77 rows x 9 columns]

(<Figure size 4800x1800 with 2 Axes>,
(<Axes: xlabel='Time', ylabel='Cumulative hazard $\\Lambda(t)$'>,
<Axes: xlabel='Survival', ylabel='Survival function $S(t)$'>))

Bayesian survival model

Had not metastasized 1.0 4
Metastasized
1.0
0.9 4

0.8 4
0.8 4

0.6 0.7

0.6 1

Cumulative hazard A(t)
Survival function S(t)

0.54
0.24

0.4+

0.0 1

v T T T T T T T T T T T T T T T
0 25 50 75 100 125 150 175 200 225 0 25 50 75 100 125 150 175 200 225
Time Survival

Built-in model

Same model, assembled by BF from the imported survival object. Priors are attributes you
can override before fit.

# Optional: change the default priors (shown with their defaults).
m.models.survival.baseline_rate_prior = (0.01, 0.01) # Gamma (conc, rate)
m.models.survival.hazard_rate_prior_scale = 10.0 # Normal (0, scale)

m.fit(m.models.survival .model)



print (m.summary())

m.models.survival.plot_surv(beta="Hazard_rate_metastasized")

This function is still in development. Use it with caution.
This function is still in development. Use it with caution.
This function is still in development. Use it with caution.
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log_Baseline_rate[74] -106.80 108.96 -316.27 -8.06 1014.02 979.27
log_Baseline_rate[75] -96.49 98.20 -288.01 -1.88 939.54 794.52

r_hat mcse_mean mcse_sd

Baseline_rate[O0] 1.00 0.00 0.00
Baseline_rate[1] 1.00 0.00 0.00
Baseline_rate[2] 1.00 0.00 0.00
Baseline rate[3] 1.01 0.00 0.00
Baseline_rate[4] 1.00 0.00 0.00
log_Baseline_rate[71] 1.00 2.96 3.50
log_Baseline_rate[72] 1.00 3.17 4.32
log_Baseline_rate[73] 1.00 2.86 3.42
log_Baseline_rate[74] 1.01 4.02 5.63
log_Baseline_rate[75] 1.00 3.82 4.90

[153 rows x 9 columns]

(<Figure size 4800x1800 with 2 Axes>,
(<Axes: xlabel='Time', ylabel='Cumulative hazard $\\Lambda(t)$'>,
<Axes: xlabel='Survival', ylabel='Survival function $S(t)$'>))
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Survival plot. Left: posterior cumulative hazard A(t) = »_, )\ék)Ak per covariate group;
right: the implied survival S(t) = e *®). Solid line = posterior mean, shaded band = 94%
credible interval, blue = not metastasized, orange = metastasized. The size and direction of
the effect are read from 3 (equivalently the hazard ratio ¢”) in m.summary(); here 8 > 0,
i.e. metastasis raises the hazard.
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Mathematical Details
Bayesian formulation

The BF survival model uses a piecewise-constant hazard (Poisson counting-process) ap-
proach. The continuous follow-up time is divided into K fixed intervals of length A. Each

subject ¢ in interval k£ contributes:

N;;. ~ Poisson( ;)

(2

12



fik = Aig " €,
N =N exp(BX;)
/\(()k> ~ Gamma(0.01, 0.01)

B ~ Normal(0, 10)

Where:

o N, is the number of events (0 or 1) recorded for subject i in interval k.

o ¢;;, is the exposure (time at risk) for subject ¢ in interval k. It equals A if the subject
is fully observed in the interval, a fractional value if the subject exits (via event or
censoring) mid-interval, and 0 if the subject has already left the risk set. This term is
the mechanism that handles censoring: once a subject is censored or experiences the
event, their exposure drops to 0 in all subsequent intervals.

o . = N - €, is the expected number of events, i.e., the hazard rate scaled by time at
risk.

o )\, is the hazard rate for subject ¢ in interval k, decomposed into a baseline hazard
)\(()k) and a covariate-specific multiplicative shift.

o )\(Ok) is the baseline hazard in interval k, constant within each interval but free to

vary across intervals. This gives the model non-parametric flexibility over time. A
Gamma(0.01,0.01) prior (BF default m.models.survival.baseline_rate_prior)
places minimal information on the baseline hazard; on the numpyro backend it is
sampled in log space for stability.

o X, is the vector of covariates for subject <.

o [ 1is the vector of regression coefficients. The coefficient exp(3) gives the hazard ratio:
the multiplicative change in hazard for a unit increase in the corresponding covariate.
A weakly informative Normal(0, 10) prior is centred on “no effect” but wide on the log-
hazard scale. It is the BF default (m.models.survival.hazard_rate_prior_scale).

13



Survival and hazard functions

From the posterior samples of /\ék> and 3, two key quantities can be derived:

Cumulative hazard up to interval K:

K
A (tg) :Z)\ exp(BSX;) A

k=1

Survival function:

Siltg) = exp(—=A;(tk))
Where A, is the width of interval k. ## Reference(s) https://en.wikipedia.org/wiki/Proportional hazards moc

https://www.mathworks.com/help/stats/cox-proportional-hazard-regression.html https: //www.pymc.io/projec
https://vflores-io.github.io/posts /20240924 _numpyro_logreg surv_ analysis/np01_logreg surv_ analysis/
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